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If the no-slip condition is used to determine the flow produced when a fluid inter-
face moves along a solid boundary, a non-integrable stress is obtained. In part 1
of this study (Hocking 1976), it was argued that, when allowance was made for the
presence of irregularities on the solid boundary, an effective slip coefficient could
be found, which might remove the difficulty.

This paper examines the effect of a slip coefficient on the flow in the neighbour-
hood of the contact line. Particular cases which are solved in detail are liquid-gas
interfaces at an arbitrary angle, and normal contact of fluids of arbitrary vis-
cosity. The contribution of the vicinity of the contact line to the force on the
boundary is obtained.

The inner region, near the contact line, must be matched with an outer flow,
in which the no-slip condition can be applied, in order to obtain the total value of
the force on the boundary. This force is determined for the flow of two fluids
between parallel plates and in a pipe, with a plane interface. The enhanced resist-
ance produced by the presence of the interface is calculated, and it is shown to be
equivalent to an increase in the length of the column of fluid by a small multiple
of the pipe radius.

1. Introduction

When the motion in the vicinity of a moving contact line between two fluids
and a solid boundary is analysed, the stress on the boundary is found to have a
non-integrable singularity. This unrealistic prediction has been discussed by
Huh & Scriven (1971) and by Dussan V. & Davis (1974), and it appears to be
inescapable if the Navier—Stokes equations and the no-slip boundary condition
are assumed to provide an adequately reliable model throughout the flow region.
Tt is, of course, unreasonable to continue to apply a continuum model at distances
from the contact line of molecular dimensions. Thus an inner region, close to the
contact line, could be examined, where the molecular interactions between the
two fluids and the solid must be studied, and this region matched to an outer
region, where the Navier-Stokes equations would apply. Such an analysis would
be very difficult, but it has been suggested that the likely outcome would be
equivalent to replacing the no-slip boundary condition by a slip condition, and
continuing to employ the Navier—Stokes equations. Such a prescription would
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not give anything like a complete analysis of the flow, but it might be sufficient
to determine such overall features as the total stress sustained by the solid
boundary. A similar method has been used in rarefied gas flow, but there the
procedure can be justified to some extent, and the slip coefficient quantified. No
such justification appears possible in the problem of a moving contact line, and
the postulated slip coeflicient has no rational basis; all that can be said is that it
would have to be of molecular size (the slip coefficient has the dimensions of
length).

An alternative approach was presented in part 1 (Hocking 1976). The solid
boundary, which has been assumed to be a geometrical plane, is in reality subject
to surface irregularities. These dips and hollows are usually on a scale consider-
ably larger than the molecular scale, and part 1 showed that it was possible to
model the effect of these surface irregularities by replacing the real surface by a
geometrical plane and imposing a slip boundary condition. The essential point is
that the displaced fluid continues to occupy the hollows on the surface, so that the
displacing fluid is moving over a partly fluid surface. Moreover, for particularly
simple corrugated surfaces, an effective slip coefficient was calculated, its size
being related in a complicated manner to the dimensions of the hollows as well as
to the viscosities of the two fluids.

Although the replacement of the usual no-slip boundary condition by a slip
condition, whether for non-continuum reasons or because of surface irregularities,
does not have a rational basis, studying a problem involving a moving contact
line under this condition would seem to be justified. There is no suggestion, of
course, that the slip condition is relevant to all circumstances. The size of the
coefficient is sufficient to imply that it can be ignored except in circumstances
where the no-slip condition predicts unbounded stresses. In other words, we have
a standard singular perturbation problem. For the outer solution, at distances
from the contact line large compared with the slip coefficient, the governing
equations are the Navier—Stokes equation and theno-slip condition. For the inner
solution, at distances from the contact line comparable to the slip coefficient, the
slip boundary condition must be applied. The matching of the inner and outer
solutions will then yield an expression for the force on the solid boundary pro-
duced by the passage of the two fluids along it. As will be shown later, this force is
finite, but with a logarithmic dependence on the slip coefficient. Although the slip
coefficient based on molecular effects might be three orders of magnitude smaller
than one based on surface irregularities, the additional contribution to the force
from the motion near the contact line would be increased by only a factor of seven.
Also, this part of the force might only be a small fraction of the total force on the
boundary produced by the motion of the fluids on parts of the boundary far from
the contact line, so that experimental discrimination between the two possible
types of slip coefficient would not be straightforward.

The inner problem is formulated with some generality in §2, and particular
cases are examined in §§3 and 4. The matching between inner and outer solutions
is described in §5, and the outer solutions are then found for flow between parallel
planes in §6 and for flow in a pipe in §7.
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Ficure 1. Definition sketch for the flow perpendicular to the contact line C.

2. The inner region

The motion in the vicinity of the contact line between the fluid interface and
the solid boundary is analysed here under the following assumptions. The scale of
the region where slip is important, measured by the size of the slip coefficient, is
small compared with the other length scales of the flow; in particular, this implies
that the boundary is locally plane. The Reynolds number based on this small
length scale is small enough for the Stokes equations to be used. The interface is
plane and is moving with constant speed U in a direction perpendicular to its line
of contact with the solid boundary, so that the flow is locally two-dimensional.

It is convenient to use a co-ordinate frame moving with the interface. Polar
co-ordinates (r, 0) in the plane of the motion are defined such that the origin is on
the contact line and the interface is in the plane 6 = 0. The sector 0 < 0 < «, is
occupied by fluid of viscosity g, and the motion there is given by the stream
function W(r, 0); the other fluid, for which the stream function is ¥y(r,0) and
which has viscosity p,, occupies the sector 0 > 0 > a,, where a, = ; — . The
two parts of the plane solid boundary on either side of the contact line are given
by 0 = a; and 0 = a, (see figure 1). The stream functions satisfy the biharmonic

equation -
[:—;+r—§;+7%62] ¥ =0, (2.1)
and the boundary conditions are
Wi(r,0) = W (r, ) = Fy(r, 0) = Fy(r,ap) = 0, (2.2)
OV, (r,0)/80 = 8¥,(r, 0)[20, 1, 8¥F(r, 0)/00% = j1, ¥ y(r, 0)[062,  (2.3)
oW, (r, ;) ! oW, (r, o)

7'80 7,2 862 = U, (2.4:0)
MWy(r o) € 0®Wy(r, o)
re0 ~ rtar u. (2:49)

Conditions (2.2) ensure that the solid boundary and the interface are streamlines,
and (2.3) represents continuity of velocity and tangential stress across the inter-
face. The slip conditions at the solid boundary are given by (2.4) and ¢, and ¢, are
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the slip coefficients for the two fluid-solid contacts. The assumption that the
interface is plane is equivalent to the presence of a surface tension between the
two fluids which is sufficiently large to accommodate the normal-stress imbalance
across the interface with a negligibly small curvature (see the discussion on the
validity of this assumption in Huh & Scriven (1971) and in part 1).

With ¢, = ¢, = 0, the solution of these equations has the simple similarity form

¥y = Urdy(6), ¥, = Urdy(0), (2.5)
with
$.(0) = a,0sin (0 —a;) +b,(0—;)sin, i=1,2. (2.6)

2
Conditions (2.2) are satisfied by this choice of solution, and the remaining condi-
tions determine the four coefficients in (2.6). Equivalent expressions were ob-
tained by Huh & Scriven (1971), who presented a number of examples of stream-

line patterns. The tangential stresses on the boundary, in a direction opposing the
motion of the boundary, are given by

7= Ur ik, 1y = Urik,, (2.7)
where
Dk, = 2p; sin?a, (sin? ap —af) — 2ppsin?a; (sinZa, —a 0‘2),} (2.8)
lef:2 = 24, 8in2a, (sin? o, —a?) — 2u, sin?a, (sinfa; —a, ay), )
and

D = p, (sin o, cosay, —a,) (sin?a, —af) —u, (sine, cosa, —a,) (sina, —of).
(2.9)

These stresses have a singularity at r = 0, and the force on the boundary, if
deduced from them, would be infinite.

The similarity solution just obtained has a two-fold importance when an
attempt is made to remove the singularity at the origin by means of a slip coeffi-
cient. It represents the behaviour of the outer flow in the region of the contact
line. Any possible eigensolution proportional to 72, say, need not be considered,
gince if A > 1 the forced solution dominates the eigensolution as r->0, while
solutions with A < 1 are inadmissible because they give a singular velocity as
r—0. The similarity solution also gives the outer boundary condition for the
inner flow.

To determine the flow when the slip conditions (2.4) are applied, we can write

W, = Urégy(p, 0), Yy= UT¢2(,D, 6), (2.10)
where
p =In(rfcy), (2.11)

and ¢, and ¢, satisfy the new form of (2.1),

(R R I
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The boundary conditions (2.2) and (2.3) are unaltered in form, with ¢, and ¢,
replacing ¥, and W,, but the slip conditions (2.4) become

0o, 0tq) | o _ OPhi(p, )
& T T = b
. (2.13)
0P 25) ——e“Pa PP %y) - 1
o0 00? ’

where ¢ = ¢,/c,. In order that the inner solution should match with the outer
solution we must have

$1(0,0) = $1(0), $(00,0) = $2(0), (2.14)

where ¢, and @, are given by (2.6), and to ensure that the stress is finite at the
origin we must have

$:1(p,0) = 0(er), $a(p,0) = O(e#) 85 p—>—co. (2.15)

The solution of this set of equations can be formulated as a pair of integral
equations for the stresses on the boundary, which are the quantities of chief
physical interest. We first introduce a two-sided Laplace transform

§6,0)= [ evgtp.00dp (2.16)

—®
(the conditions imposed on ¢; and ¢, as |p| >0 ensure that their transforms

exist for 0 < Re (s) < 1). Solutions of the transform of (2.12) which satisfy (2.2)

are
e+ico
¢; = 1L e*? {A;sinsfsin (0 —a;) + B;sinfsins(0—a;)}ds, j=1,2,

B 2777: €1 ( )
2.17

where 0 < € < 1, and 4,, 4,, B, and B, are functions of s to be found.
If we write the tangential stresses at the boundary as

7= Ur7ky(p), 7o = puy Ur—ko(p), (2.18)

for the two portions 6 = «, and 6 = «, respectively, and if the transforms of k,
and k, are denoted by £, and k, respectively, the values of the coefficients in (2.17)
and (2.21) can be found in terms of &, and &, by using (2.3). The transforms of the
boundary values of d¢,/00 and 6¢,/60 can then be determined, also in terms of
£, and k,. The inversions of these transforms can then be written as convolution
integrals, and we finally obtain, from the boundary conditions (2.13), the integral
equations

1—Ce*k(p) = f : {1 Llp—p') +pe My(p—p')} Ry (p) dp’
—flﬂzN(p—p’]kz(p’)dp’, (2.19q)
1—ePkyp) = f _: {us Llp—p') +py My(p—p")} op") dp’

~[7 mNo-p)edp, @19



214 L. M. Hocking

where

L(p) = =

o f2 A (sin 2sa; — s sin 2e,) (sin 2sa, — ssin 2at,) ds, (2.20)

1 e
M, (p) = %J%Z (cos 2sa; — 1 — 82 cos 2a, + 52) (CO8 230ty — €08 22t,) ds, (2.21)

1 [ e
M,(p) = ﬁfze A (cos 2sot, — 1 — s cos 20, + 82) (c08 280, — 08 2,) ds, (2.22)

N(p) =

1 .
by 8in 8o, COS @y — 8 8In ¢, COS 8¢, ) (sin sa, cos &
o 28A ( 1 1 1 1) ( 2 2

—ssina, cossa,)ds,  (2.23)
A = py (cos 2sx; — cos 2a,) (sin 2se, — s 8in 2a,)

— po{cos 2sa, — €08 2a,) (sin 2sa, — ssin 2a,), (2.24)

and the integrals are taken from e¢—ioo to € +200.
The asymptotic values of k, and k, as |p| - co are given by

ki(p) ~ er[E, ky(p) ~er as p—— o, (2.25)
k(o) = k), Ey(o0) =y, (2.26)

where £, and %, are given by (2.8). If we write F,(r) and Fy(r) for the forces on a
unit width of the boundary, in the direction opposing the motion of the boundary
relative to the interface, we have

. r In(r/c,)
710y = [[mdr =0 [ ko), (2.270)
. (res)
740 = [ radr = U |77 woran, (2.270)
and for large r/c, we can write
Fir) = py Uy In (rfeg) +hy +o(1)}, (2.28a)
T3r) = p UlkyIn (r]eg) + Ry +0(1)}. (2.28D)

Since &, and &, are known already, the main results to be obtained from the solu-
tion of (2.19) are the values of 2, and #,.

Although a numerical solution of (2.19) could be obtained for any set of values
of the parameters a,, y, [, and ¢, [c,, it does not seem to be feasible to make any
simplification of (2.19) in the general case. There are, however, two special cases
for which the coupled integral equations can be reduced to uncoupled equations,
and these simpler cases are described in the following two sections.

3. A gas-liquid interface

An important special case of the general class of motions under consideration
is when one of the two fluids is a gas. The small viscosity ratio permits the force
on the portion of the boundary in contact with the liquid to be calculated by
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ignoring the motion of the gas. It we set u, = 01in the analysis of §2 and, without
loss of generality, let ¢; and c, be equal, we obtain the single equation for the
stress k, in the form

t—elilp) = [ Luto—p) o) dp (3.1)
where L, is the value of #, L, as defined by (2.20) with g, = 0, and is given by

1 fet+io sin 2set; — s8in 20,
e esP
27 e 40 28 (cos 2sa; — cos 2c,)

Ly(p) = (3.2)

This integral can be reduced to the simpler form

_m [ sinh p,
Lulp) = 4“§J.p cosh (mpyfory) — 1 @ (3:3)

which can then be evaluated in terms of elementary functions if «, is a rational
fraction of 7. ‘

The kernel of the integral equation (3.1) has a logarithmic singularity at
p' = p. Before attempting a numerical solution of the equation, it is convenient
to remove this singularity by writing the equation in the form

1—e*ky(p f Ly(p—p"){ks(p") — Ea(p)}dp" + Kr(p) f Ly(p—p)dp'.
(3.4)
It follows from (3.2) that
_ 20; —sin2a, £
f L,dp 51— cos %y) kT2, (3.5)
so that (3.4) becomes
1= (e P+ kyp) = | Lip—p) {kalp’) —ka(p)}dp’. (3.6)
The integral in (3.6) tends to zero as |p| -0, so that
ki(p) ~er as p—>—o0, k(0)= IEI, (3.7)

in agreement with the general results (2.25) and (2.26). The value of k, in (3.5)
agrees with that obtained from (2.8) with g, = 0.

The numerical method used for the solution of (3.6) was to define the unknown
function by its values at a set of equally spaced points, in a finite interval from
—5t0 5 or from — 10 to 10, and to evaluate the integral using the midpoint rule.
The resulting set of linear equations for the function values was solved by Gauss—
Seidel iteration. Convergence was quite rapid, about 15 iterations being required
to reduce the residuals to 10-5. The value of the integral in (2.27 @) could then be
found and the value of the coefficient %, in the expression (2.28a) for the force on
the boundary could be estimated. Some values of £,, given by (3.5), and of k&,
determined by the above numerical procedure, are given in table 1 for various
values of the contact angle 2,

A check on the numerical method is possible for «; = }m, when the integral

equation (3.6) has the form

1

1—(e—ﬂ+1n)k1(p)=f:§7-71n e ter

eP

— | Un(p") —kea(p)} dp". (3.8)
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o fm ];1 I
0-05 19-04 - 56-33
0-1 9.424 —21-55
0-2 4-522 — 7416
0-25 3:504 —4-334
0:5 1-273 —0-1476
0:-75 0:3501 0-6944
0-8 0-2312 0-8398
0-9 0-0612 0-6300
TaBLE 1

An alternative method was used in part 1 to solve this particular case. Cartesian
co-ordinates were used, = being measured along the interface and y along the
boundary, and the solution was found by means of a Fourier sine transform in y.
From the solution obtained in part 1, we can deduce, in the present notation, and
with the sine and cosine integrals defined as in Abramowitz & Stegun (1965,
p. 231), that

4 J’ @ ePgin (sef)

kl(p)=_ 1+2S

ds = ge"’{Ci (%eP) sin (Jer) — si (3e) cos (§er)}, (3.9)
mTJo m

which is, therefore, the solution of (3.8). Moreover, from this analytic solution we
can deduce the value of &, :

hy = (4]m) (y—In2). (3.10)

Simple forms for the kernel of (3.4) can be obtained only for special values of

a,. For a, = }m, the values of L, and %,, as given by (3.3) and (3.5) respectively,
are

L1=;—ﬂ{ln‘i—tg —sechp}, (3.11)
by = 4f(n—2), (3.12)
and for o, = ¢,
L = 21_7’=]n|%%:;-: +%sech%p}f, (3.13)
by = 4/(3m+2). (3.14)

For values of &, close to 0 and to 7, approximate values of the kernel can be found.
With «; = 7 and f small, we have

_ 1 sinh |p| B Cexo(
tom [ﬂ{exP(lpI/ﬂ) —1} In{1—exp ( lpllﬂ)}], (3.15)
ky = 3/(pm), (5.16)

and the first three values in table 1 were calculated using this approximate kernel.
Since the kernel is very small except when |p| is close to zero, an approximate
solution can be obtained by setting the right-hand side of (3.6) equal to zero,
thus obtaining

ky(p) = (e +3mB), (3.17)
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and hence, for small a,,
3 3
by ~ —&m(&). (3.18)

The values of %, obtained by using this formula are identical, to the accuracy
given, with the values shown in table 1 for «,/7 = 0-05 and 0-1, while, for
o, fm = 0-2, (3.18) gives h, = —7-464, compared with h, = —7-416 from the
numerical solution.

For values of «, close to 7, we write o, = 7(1— ), and the approximate values
of L, and k, are

Ly = (2m)7 [exp (- B|p])/(28) —In{1 — exp (—|p|)}], (3.19)
by = 2npe, (3.20)

which were used to calculate the last two entries in table 1. Since the values of A,
appear to pass through a maximum as ¢, is increased towards 7, an estimate of
the behaviour of &, as &, approaches 7 is desirable, particularly as the slow varia-
tion of the kernel makes numerical computation increasingly difficult in this
limit.

Although the second term in the kernel (3.19) is logarithmically infinite at
p = 0, whereas the first term is bounded, the second term can be neglected for
small 8. It is of comparable magnitude to the first term only when

lp| < exp(—1/2/)’),

and the contribution to the integral in (3.1) from the second term over this range
of pis
O(p~*exp (—1/28)),

which is negligible compared with the O(f-1) contribution from the first term
over the whole range of the integral. It is therefore possible to find the asymptotic
solution for small § by solving the integral equation

1—etiip) = [ pmexp (—Ble—p) kale) 4’ (3.21)

which can be done as follows.

We first take a two-sided Laplace transform, with the constant term in (3.21)
replaced by exp (—¢|p|), where ¢ is a small positive constant. The transformed
equation is
1 1

1 >
)+——_'2”(ﬂ2 ——82) kl(s) = m-—;-_—e. (322)

Ey(s+1

Similar functional equations can also be obtained for arbitrary angles a,. The

only other case, however, in which a solution could be found was the special
case a; = 3, for which the solution was already known.

To obtain the solution of (3.22), we take p < 0 and examine the poles of k,(s)

in Re s > 0. There must not be a pole at s = ¢, else k&, would tend to a constant as

p— — o0, in contradiction to (3.7), but there are polesat s =n+e,n=1,2, ...
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When the transform is inverted, these poles contribute to a particular solution
for k;:
o (er[2m)m (— B)! B
k,=cer . 3.23)
P mZe (m=p)(m+p)! (
The poles at s = n + £ produce the complementary function, which can be written
as

k, = er[ALy{(2[m)tedr} + BI ,5{(2/m)} ete}], (3.24)

where 4 and B are constants, but we can immediately set B = 0, since otherwise
the stress would be singular as p > — 0. If we introduce a new variable x, defined

by

x = (2[m)bebr, (3.25)
we obtain
o (1\2m( . Y B
ky =k, +k, = yma? [§ (nix_)ﬂ)g(mﬂl ﬁ/f)'! +A12ﬁ(x)], (3.26)

and the arbitrary constant 4 can be determined by the condition

ky(c0) = &, = 2mp2. (3.27)
It is not difficult to show that

ky = 27Tﬂ2x2[K2ﬂ(x) fo xIIIZﬁ(xl)dxl +Izﬁ(x)f xfleﬁ(%)dxﬂ, (3.28)

which is the required solution of (3.21). The force on the boundary can then be
found, and, making use of standard properties of the Bessel functions, we obtain
the asymptotic form of &, as &, —:

hy ~ 2(m—oy) — (2fm) (In (27) — 2y) (M~ &, )% (3.29)
The decreasing values of A, at the end of table 1 are confirmed and we have also
shown that A, >0 as o; >m. For o; = 0-977, the value of &, given by (3.29) is
0-5854, whereas the calculated value given in table 1 is 0-6300.

For values of «; which are not close enough to either 0 or 7 for these approxi-
mate kernels to be used, the kernel must first be determined by the evaluation of
(3.3). This can be done explicitly if a, /7 is a simple fraction, but, in general, the
numerical procedure would be complicated by the necessity for a numerical
evaluation of the kernel.

4. Normal contact

A second case in which the integral equations of §2 can be uncoupled is when
the interface has a contact angle of }7 and when, in addition, the slip coefficients
¢, and ¢, are equal. With o, = 17 and o, = — }m, the integral equations (2.19) can
be written as

t—eiip)= [~ Plo—p) ) a2 [ Qo= e
. 3} +kqo(p")}dp’, (4.10)

1—eky(p) = f_wP(p—p’)kz(p’)dp'—ﬂlﬁlﬂzf_wQ(pw’){kl ")
+ky(p')}dp’, (4.10)
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1 e+io _ 1 1 +e_|p|
where P(p) = 2—7;7—:[3—1:00 (2s8)tetrtanimsds = 2_77111'1__8—1;71 , (4.2)
1 [e+io gep 1
= — = . 4.
p) 27 Jemien sinﬂsds 2m (cosh p + 1) (4.3)
If we write
paky —poky = (g — o) kg, ky +ky = 2k, (4.4)
the integral equations uncouple and become
1= ko) = [ Po=p bl (4.5)
t—elolp) = [~ (Plo=p) ~ Qo= p}hale)dp' (4.6)

The first of these equations is identical with the equation obtained in §3 for a
gas-liquid interface with a contact angle of 17, and its exact solution was given
there [see (3.8) and (3.9)]. The second equation can be written as

2—— =)
1- (ﬂ 4,,4 + e"’) ky(p) = f_ _Plp=p) = Qo= p}Hk(p') —Ien(p)jdp’s  (4.7)

and a numerical solution can be obtained by the method described in §3.
To find the forces on the two parts of the boundary, we first evaluate the inte-
grals of k, and k,. Extending the notation introduced in (2.28), we write

In(r/c) ~
f ko o(0)dp = By yIn (r]c) +ha 0 (4.8)

where c is the slip coefficient. From the solution of (4.5) already obtained in §3, we

have
b, = 4/m =1-273, h, = (4/m)(y—In2) = —0-1476. (4.9)

The values of k, and £, can be found from the numerical solution of (4.7) and from
the asymptotic value of k,(p) as p—+ 0, and we find
ky = dmj(n?—4) = 2:141, h, = —1-539. (4.10)

The values of the coefficients in the expressions (2.28) for the forces on the
boundary are then given by applying relations (4.5), so that we obtain

I ey L T S el N L V1,7 (4.110)
M Tl Ha Tty
@2 — = _ﬂz)ﬁa‘i‘gﬂlib, hy = _(/1’1_/1‘2)ha+2/‘2hb. (4.11B)
1ty Ha tHe
For a water—air interface, with the viscosity ratio /s, = 100, say, we have
by =1-290, h, = —0-1752, (4.12a)
ky= 2992, h,= —2-903. (4.12b)

In these results, the motion of the air is not neglected. The corresponding results
for the part of the boundary in contact with the water when the air motion is
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neglected were found in §3 and are given by (4.9). The large change in the value
of &, is due to the value of A, being an order of magnitude larger than &,.

5. The outer region

The equations governing the outer region are the Navier-Stokes equations,
together with the no-slip boundary condition. For two-dimensional motion,
either plane or axisymmetric, the contact line is perpendicular to the flow plane,
and the similarity solution (2.10) holds as the contact line is approached. The
stresses on the boundary near the contact line have the asymptotic form

Ty~ My UEl/r, Ty ~ Uy UEz/r, (5.1)

where r is measured along the wall from the contact line. The force per unit length
of the contact line on a section of the boundary from r = r,, tor = R, where r,,, is
small compared with the length scale a of the outer region but large compared
with the slip coefficient, can be written as

f3 = m UlkyIn (afr,,) + Hy(r,,, B)], (5.2a)
f2 = ua UlkyIn (afr,,) + Hy (r,y, R)], (5.2b)

where H, and H, are regular as r,,— 0. If we now add the contribution to the
force from the inner region, from r = 0 to r = r,,, as given by (2.28), we obtain for
the leading terms of the total force on the boundary

F =1 +f{ = My U[El In (a/cz) +h, + H (0, R)], (5.3a)
F, = f3 +f% = py UlkyIn (afcy) + kg + Hy(0, R)]. (5.3b)

Problemsinvolving two fluids with an interface are not easy to solve, even when
the overall Reynolds number is small. One example which can be solved is that
of two fluids between parallel plates or in a pipe, with the interface spanning the
cross-section. Solutions of these problems have been obtained by Bataille (1966)
and by Bhattacharji & Savic (1965), but only with the added restrictions that
the interface remains plane and that the dynamics of the fluid on one side of the
interface can be neglected, as for a liquid—gas interface. Parallel-plate flow, under
theserestrictions, but with a.slip coefficient, was examined in part 1, and the force
on the bounding plates was obtained. The extension of this result to fluids of
arbitrary viscosity, but with the contact angle still equal to 7, is the subject of
§6, and the corresponding results for pipe flow are in §7. Since the values of &,
k,, b, and h, for a contact angle of 4 are given in §4, all that is needed to evaluate
the force on the boundary are the values of H, and H, and the velocity U of the
interface.
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FicUre 2. A plane interface between parallel plates (§6) or in a pipe (§7).

6. Parallel-plate flow

The two-dimensional, low Reynolds number flow of two fluids between parallel
plates can be formulated as follows. Non-dimensional Cartesian co-ordinates x
and y are used, where z is measured normal to the plates and y parallel to them, as
shown in figure 2. The half-width a of the gap between the plates is the unit of
length, so that the platesare given by « = + 1, and the plane interfaceisat y = 0.
The reference frame moves with the interface, so that the plates have velocity U
relative to the interface in the +y direction. The viscosity of the fluid in y > 0is
}, and the stream function there is ¥, and g, and ¥, are the corresponding
quantities in the region y < 0. Both stream functions satisfy the biharmonic
equation

VAP = [82/0a2 + 92/2 P Y = 0, (6.1)

and the boundary conditions
¥=0 oVfor=-U at x=+1 (6.2)
The matching conditions at the interface y = 0 are
Y, =V,=0, oV, oy=0V,/oy, u,o?V,[0y>= p,0™F¥ /0y (6.3)
The asymptotic values of the stream functions as |y| - co are
¥, ¥y ~ 3U(x—a3). (6.4)

In a frame at rest relative to the plates, both fluids have the usual parabolic
velocity profile at large distance from the interface, with a mean velocity equal to
U.

The problem can be split into two subsidiary problems in terms of two new
funetions, which are respectively odd and even in y. We write

‘ =ty 2,
Y, =1U0(x—-23)+—=Ud(z,y) + —— Ux(z,y), 6.5a
= 1UE—2) 22 UG, g+ - Uyay) (6.50)
¥, = 10— A2 g, —y) + 2 Up(e, —y).  (6.5b)

Pyt ol 2
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The odd function ¢ isdefinediny > 0by
Vig = 0,
$(+1,y) = 3¢(+1,y)/ox = 0,

(6.6)
P, 0+) = Ha*—x), P@(x,0+)[0y* =0,
Pz, 0) = 0,
and the even function y is defined in y > 0 by
Vix =0,
x(£1,y) = 0x(+ 1,9)[ox = 0, 6
¥, 0+4) =3(@%—x), ox(x,0+)foy =0, '
x(z,0) = 0.
The value of ¢ can be found by taking a Fourier sine transform
§ = [ smoysle vy, (6.8)
and the solution is
2 = . 23—z xsinhscosh sx — cosh ssinh sz
= 7_1_[0 i [ 2s s (sinh scoshs—s) ] ds. (6-9)

To evaluate the stress on the boundary x = 1 we need to find 9%¢/02? there, and
from (6.9) we have

ay

. (6.10)

1 = et 2ssinh? s
b1 M) —w S sinh s cosh s —s

There is no pole at s = 0, and the other poles in the upper half-plane are at
s = 18, 45, (the bar denotes a complex conjugate), where s, has positive real and
imaginary parts,
sin 2s,, = 2s,,, (6.11)
and for large n
8y~ (m+Hm+iIn{(dn+1)m}. (6.12)

The integral in (6.10) can be evaluated by summing the residues at the poles in
the upper half-plane, and we have

¢

ox?

= =2 5 [exp (= 5,8) + exp(~5,9)] (6.13)

=1

If the series is integrated from y = y, to ¥ = oo, and we then let y,— 0, the series
diverges. To avoid this singularity, we write

J.

@ o0 4
+ X 4eXP(—n7r?/)) dy= 2 (;;TeXp(—nﬂyo)

=1 n=1 n=1

2 2 _
~ 2 exp(—s,00)— = exp (-5, 30) » (.14
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from which we obtain

® N2
lim { f 8—(}:
v L)y 0%

The asymptotic value of s,,, given in (6.12), shows that the series converges, and
the sum was found numerically after the roots of (6.11) had been determined by
Newton iteration, with the asymptotic values as initial approximations to the
roots. The contribution of the odd part of the complete solution to the force on the
boundary can be found by adding to (6.15) the appropriate result for the inner
region, given by (4.9), with r = ay,. The force per unit length of the contact line in
the direction opyposite to the moticn of the plates is

Fy = Up, (;ln (;-‘) _2-13) : (6.16)

Since ¢ decreases more rapidly than e=3 as y - 00, this result will also hold for &
finite length of the plate, unless this length is less than the gap between the plates.
The solution of (6.7) is not so straightforward. A cosine transform,

+;1n(1/7ry0)} ) (i_i_ﬁ), (6.15)

z=1 n=1

% = [ " cossyate.dy, (6.17)
0
gives the equation
dt d? _ 2%y
L 98 L alp_ (24 -
{dx‘* 2s gats ;x (3y3)y=0 S(x), (6.18)

and the solution can be written as an integral by variation of parameters. After a
considerable amount of manipulation, and when the transform has been inverted,
we obtain

© 1
x= 3 texp(—s,¥) Un(x)f S8(z') U, (') dz' + complex conjugate (c.c.), (6.19)
0

n=1%

]

where
cos s, Sins, £ —x Cos s, xsin s
Upl) = —— ~ ®, (6.20)

1N
s, sints,

and s, is a root of (6.11). The boundary condition on y = 0 can now be used, and
we end with an integral equation for S:

© 1
¥ Uylx) f S(z)U,(x')dx’ +c.c. = 2®—2. (6.21)
n=1 0
The stress on the boundary can then be found in terms of 8, since we have
*x e Y N
- = Y exp(—s,y) | S&)U,(z")dx'+c.c. (6.22)
0% |ro1 m=1 0

Although this appears to be the most satisfactory form of the problem, the
numerical solution of (6.22) did not prove to be straightforward. An alternative
method is to note from (6.19) that the solution can be expressed in the form

roj=

X= §] exp(—s,¥)a,s, U, (x) +c.c., (6.23)
n=1
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so that {U,(x)} forms a complete set of eigensolutions for the problem, satisfying
the four conditions at x = + 1. The boundary conditions on y = 0 give

%;‘;an 8, U,(x) +c.c. = (a3 —2), (6.24a)
n=1

1
2

)b

a, 8% U, (x) +c.c. =0, (6.24b)

n
and if we multiply these equations by sin mzz (m being a positive integer) and
integrate from —1 to +1, we obtain two infinite sets of equations for the co-
efficients:

e PN . 6.25
) o mt R T G (6.254)
© 2
Y mtn_tce. = 0. (6.25b)

n=1 (3% —m? 772)

These equations were truncated at m = n = 50 and solved. The force on the
boundary from y = y, to ¥ = oo is proportional to

© a2x
v, 022
This quantity was evaluated for small values of ¥, and extrapolation to y, = 0

gave the value
© aZx
v, OX2

Combining this result with the contribution from the inner region, we have, for
the force on the boundary corresponding to the even part of the solution,

dy = 3 a,exp(—s,y,)+c.c. (6.26)
n=1

r=1

47
dy ~
=1 Y 772"4

Iny, +2-64. (6.27)

4 a

This result, also, will hold for a finite length of the plate unless this length is less
than the gap between the plates.

The contribution of the first term of (6.5) to the force is proportional to the
length 7 of pipe, measured from the interface, and we finally have the result that
the force per unit length of the contact line on a portion of the plate of length [, in
contact with the fluid of viscosity u,, in the direction of the motion of the inter-
face, is

_ 3, pui—pa. (4, (a ) 24y 47 a i
U e A Rl B e R R
(6.29)

while the force on a length 7, of the plate in contact with the fluid of viscosity u, is

3, ui—nu, (4, fa ‘ 2u 4m a
F, = u,U —2—-1——2:-1 (—)—2~18: L { 1 (—)—4-18:].
2=l [.“ Myt po \T "\ +/‘1+/‘2 m—d "\
(6.30)
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7. Pipe flow

The axisymmetric analogue of the parallel-plate flow of §6 is flow in a pipe of
radius a. The configuration is again as sketched in figure 2, which now represents
a cross-section through the axis of the pipe, x being measured radially outwards
from the axis. The stream functions in the two regions on either side of the inter-
face y = 0 satisfy

*  9  0*
—_—— —— + —_—
ox? xox oy?

DAy — [ ]\F ~ 0 (1.1)

and the boundary conditions
V=0 zlWox=—U on x=1. (7.2)

In addition, the velocity must not be singular on the axis. The matching condi-
tions (6.3) at the interface are unchanged. The asymptotic values of the stream
functions as |y| — co are now

Y, ¥, ~ U (2% —2t). (7.3)

Subsidiary functions ¢ and y can be defined as before, the only alteration to
(6.5) being a change in the first term from the value of the stream function at
large |y| given by (6.4) to that given by (7.3). The odd function ¢(z, y) is defined

by

Di¢g =0,
¢(1’y) = a¢(1:y)/3x =0, ¢(O,y) = 3¢(O,y)/ax =0, (7.4)
Pz, 0+) = }(a* —2?), *¢(x,0+)[0y* =0,
¢(x,aﬂ =0,

and can be found by means of a Fourier sine transform. The solution is

_ 7_2TJ'0°° sin sy [x4—x2 x2ly(sx) I,(s) —xI;(sx) Iz(s)] s, (7.5)

2s *(Lo(s) I(8) — 13(s))

The stress on the boundary x =1,y > 0is
o (19¢
n=m0 [ E)

=—2 E] exp(—o,%)+c.c., (7.6)
1

z=1 n=

and from (7.5) we have

o
ox?

where the o, are the roots with positive real and imaginary parts of the equation

Jo(0) Jo(@) —J(0) = 0, (7.7)
and for large n
o, ~ m+3Hr+n{dn+ 1)r}. (7.8)

The determination of the force on the boundary and the treatment of the
singular part follow the same lines as were explained in §6, and when the

15 FLM 79
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contribution from the inner region is added, we have for the force per unit length
of the contact line in the direction opposing the motion of the pipe boundary

F=Un !;frln (g) - 1-90} : (7.9)

The even part of the solution is defined by

Dy =0,
X(17 y) = 87{(1’ y)/@x =0, X(Oa y) = aX(O: y)/@x =0, (7‘10)
x(@,0) = 3(z* —2?), 0ox(=,0)/0y =0,
x(x,00) = 0.

Similar analysis to that used in §6 produces the result

x=3 ‘i—’q’—(—_——”"y)mx)fw(x')tf,‘,(x')dx' te.c., (7.11)
n=1 2(Tn 0
where 4
Vn(x) — xJ2((Tnx) Jl(a_n) —_J]((Tnx) JZ(Gn), (712)

JH,)

and the o, are the roots of (7.7). Since {V, (x)} thus forms a complete set of eigen-
solutions, we can, as in §6, write

14
oo

X = exp(—o,y)xb,V, (x) +c.c., (7.13)

1

and the boundary conditions at ¥ = 0 then give

Ebnxv;b(x) +ec.c. =at—a? (7.140)
n=1
b, 0, V(%) +c.c. = 0. (7.14b)
n=1

These equations can be multiplied by J,(j,, «), where the j,, (m = 1, 2, ...) are the
positive roots of J;(j) = 0, and integrated from 0 to 1 to give the two infinite sets
of equations for the coefficients:

®  a,b 4
— et e.e. = o, , 7.15
R ) (7-150)
gtb,

+c.c.=0. (7.15b)

A numerical solution of these equations, and the value of the force on the bound-
ary, can be obtained as described in §6, and when the contribution from the
inner region is added, we have for the force on the pipe boundary per unit length
of the contact line

47 a

T2
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cla Pl €1 2
10-3 1 2-53 2:53
2 2:26 2-80
10 1-87 3-19
100 1-74 3:32
108 1 6-23 6-23
2 5:46 7-00
10 434 8:12
100 3-97 849

TABLE 2

Adding the appropriate multiples of ¥y and F, together, and including the
contribution from the flow at large distances from the interface, we have, finally,

F, = 2map, U [fl—l—l+”—_—”—2 {f In (5‘) - 1-90; 42t {3—" In (9) —4-66;]
- 4

a eyt pa AT c Myt pp\T—4
(7.17a)
and
—_ 9
Fz=27m’uzU[4—lz—M{gln (9)—1-90;+ alat { f” ln(g)—4-66;]
a  pyt g\ Y Myt pp \T2— 4 c
(7.17b)

for the forces on lengths [, and I, of the pipe in contact with the fluids of viscosity
1, and p, respectively. These forces are in the direction of motion of the interface.

If we write
F,=8mu, Ull, +e,a), F,=8mu,Ull, +eya], (7.18a, b)

¢, and e, measure the effective increases in length of the two sections of the pipe,
measured in units of the pipe radius. Values of ¢, and e,, calculated from (7.17),
for four values of the viscosity ratio and two values of the slip coefficient are
given in table 2. For a tube of radius 10~2 m, the larger value of ¢/a is of the size
expected when the roughness of the pipe wall is of order 105 m, and the smaller
value is closer to the value which might be expected if slip takes place because of
events on a molecular length scale.

For the larger value of the slip coefficient, these results indicate that for slugs
of fluid of length large compared with the pipe radius the additional contribution
to the resistance emanating from the interfaces between the fluids is not signifi-
cant, although the extra resistance is infinite if there is no slip. Only for the
smaller value of the slip coefficient, and for lengths up to 100 radii, is the effect of
the interface on the resistance likely to be a measurable quantity. This is perhaps
why serious errors have not been introduced when no consideration has been
given to the presence of a fluid interface. For pipe flows, the area of contact
between solid and fluid is large compared with the cross-sectional area of the
pipe, and the contribution to the resistance from the vicinity of the contact line
is relatively unimportant. The interface may play a more significant role in
flows which do not contain such a large area of contact. An example is the motion
of a drop on an inclined plane.

15-2
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The flow produced by a closely fitting piston in a pipe also has a force singu-
larity, at the contact line between the face of the piston and the pipe wall.
Although there is no longer a fluid interface present, the solution can at once be
written down from the analysis already presented. If the face of the piston is at
¥ = 0in a frame moving with the piston at speed U, and if the fluid, of viscosity
M1, 18 in the region y > 0, the stream function satisfies conditions (7.10). Hence
the value of the force on a portion of the pipe of length [ is, from (7.16),

4] 4w

If, as before, we write this force as
E, =8rp, U(l+e,a), (7.20)
the length of the column of fluid is effectively increased by e, a, where
ep =253 if cla =103, e, =623 if cfa =105

Numerical solutions of the transition from plug to tube flow in a pipe have
been obtained by Wagner (1975). His calculations cover a wide range of Reynolds
numbers, and for low Reynolds numbers he finds that, in terms of the axial pres-
sure drop along the tube, the effect of the transition is equivalent to an increase in
length of about 1-1a, where a is the tube radius. While recognizing that there is a
singularity at the contact line, he states that the best results were obtained by
treating the corner as a regular wall point. Since he does not calculate the force
on the boundary, but only the axial pressure drop, his solution avoids the force
singularity, and he does not need to calculate the flow in the vicinity of the contact
line accurately. The values of e, calculated here show that Wagner’s solution for
low Reynolds numbers would not give accurate values of the force needed to
move the piston (an exact solution of the problem he poses, and solvesnumerically,
would give an infinite force, since the no-slip condition is applied). For large
Reynolds numbers, Wagner’s value for the effective increase in length, as deter-
mined from the axial pressure drop, is 4 Re, where Re is the Reynolds number,
and the related extra force required to move the piston is much larger than the
force which must be added because of the slip flow near the contact line, given by
(7.19), which is independent of the Reynolds number.

These two problems of the displacing of a fluid in a pipe by another fluid or by a
solid piston and the expressions (7.17) and (7.19) for the forces on the boundary
satisfy the requirement laid down by Dussan V. & Davis (1974) in their discussion
of the proposal to remove the singularity in the force at a contact line by a slip
coefficient. They state, “It is therefore essential that the solution of posed
boundary-value problems containing slip coefficients be able to predict some
measurable physical quantities before the imposed slip is taken as a reasonable
description of the local boundary condition.”
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